Using a variational method and within the effective mass approximation, we calculate the laser-field dependence of binding energy and the polarizability of shallow-donor impurities in graded quantum wells under an external static electric field. We have shown that, in the graded quantum well structures, not only the 'dressed' potential but also the direction of the external electric field parallel to the growth direction play very important roles in the determination of the binding energy and the polarizability of a hydrogenic impurity.
Introduction
The effect of external electric fields on the physical properties of semiconductor heterostructures has attracted much attention in the past two decades [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] .
More recently, such studies have been extended to low-dimensional semiconductor heterostructures where intense electric fields are created by an applied ac voltage or a high-intensity THz laser [11] [12] [13] [14] . The effect of an intense laser field on the binding energy of an impurity has been studied for the case in which the impurity is placed in the GaAs/Al x Ga 1−x As nanostructure with infinite potential [11] . It has been reported that the binding energy of an impurity in low-dimensional systems decreases with the increase of the laser-field amplitude [16, 17] . It has also been shown that, although the individual external electric fields themselves act in a way to lower the binding energy of the impurity, we can accomplish a reduction of the weakening effects by considering the joint action of the two external fields [13] . Oliveira et al [14] have used the dressed-band approach to treat the interaction of a laser field with semiconductor GaAs-(Ga,Al)As quantum wells and dots. They have suggested that the strong localization of the electronic and impurity states, due to the quantum well and quantum dot, is further enhanced by laser confinement. This may result in the useful manipulation of electronic and donor states and in some proposed solid-state-based quantum computers. Perez-Maldonado et al [15] have considered an electron in a semiconductor nanostructure under the action of a magnetic field perpendicular to the growth direction of and monochromatic electromagnetic radiation, linearly polarized in a direction perpendicular to the magnetic field. They observed a symmetry breaking in the quasi-energy spectra for intensities greater than a critical value. It has also been found that, when an in-plane magnetic field is applied, nonlinear effects appear in superlattices for lower radiation intensities and for radiation polarized in any direction perpendicular to the magnetic field [18] .
Duque et al have investigated the effect of an applied electric field on the binding energy, and the polarizabilities of shallow-donor impurities implanted in rectangular crosssection GaAs-GaAlAs quantum well wires [19] , and in cylindrical GaAs low-dimensional systems [20] . They observed, as a general feature, that the polarizability increases almost linearly for all applied electric fields. Osorio et al [21] have presented the electric field direction dependence of the binding energy and the polarizability of donor impurities in GaAs-GaAlAs quantum wires. El Messaoudi et al have reported on the polarizability of a magneto-donor in a quantum box [22] and quantum wire [23] .
In this paper, we consider the electric field effect on the binding energy of a hydrogenic impurity placed in a graded quantum well (GQW) in the additional presence of an intense, high-frequency laser field. We take into account the laser 'dressing' effects on both the impurity Coulomb potential and the graded confinement potential [11] . It is shown that not only the 'dressed' Coulomb potential but also the 'dressed' confinement potential play very important roles in determining the binding energy of a hydrogenic impurity [11] [12] [13] . We also present the polarizability calculation of a shallow hydrogenic impurity placed at the centre of a GQW as a function of the well size, electric field and laser field. To the best of our knowledge, this is the first study of the effect of an intense laser field on the polarizability of a donor in a GQW.
Theory
The method used in the present calculation is based upon a nonpertubative theory that has been developed to describe the atomic behaviour in intense high-frequency laser fields [16, 17] . We assume that the radiation field can be represented by a monochromatic plane wave of frequency ω. For linear polarization, the vector potential of the field in the laboratory frame is given by A(t) = eA 0 cos ωt, where e is the real unit vector of the polarization. By applying the time-dependent translation r → r + α(t) the semiclassical Schrödinger equation in the momentum gauge, describing the interaction dynamics in the laboratory frame of reference, was transformed by Kramers [24] as follows:
Here V (r) is the atomic binding potential,
represents the quiver motion of a classical electron in the laser field and V (r + α(t)) is the 'dressed' potential energy. In terms of the average intensity of the laser, I, α 0 can be written as [11] 
where e, m * , c, A 0 and ω are the charge and effective mass of an electron, the velocity of the light, the amplitude of the vector potential, and the frequency of applied field, respectively.
Following the Floquet approach [16, 17] , the spacetranslated version of the Schrödinger equation (1) can be cast in the equivalent form of a system of coupled timeindependent differential equations for the Floquet components of the wavefunction ϕ, containing the (in general complex) quasi-energy E. For the zeroth Floquet component ϕ 0 the system reduces to the time-independent Schrödinger equation [11, 16, 17] 
where V (r, α 0 ) is the 'dressed' potential which depends on ω and I only through α 0 [16] . For the Coulomb potential case
, the 'dressed' potential has the form [25] 
where is the dielectric constant.
Dressed binding energy
By changing the Al concentration x in G 1−x Al x As we can obtain a linearly changing conduction band profile along the growth direction as shown in figure 1 . The functional form of the confinement potential V (z) is given as where V 0 is the conduction band offset at the interface, L is the well width, and is the step function.
Before proceeding further and applying the abovedescribed dressed potential theory to our particular GQW system, we write the Hamiltonian of a system consisting of an electron bound to a donor impurity inside the GQW. We consider the donor impurity in the presence of an intense highfrequency laser field (the laser-field polarization is along the z-direction) and an external electric field applied along the growth direction. The Hamiltonian is
where F is the applied external electric field strength and V b (z, α 0 ) is the 'dressed' confinement potential which is given by the following expression:
Using the variational method, it is possible to associate a trial wavefunction, which is an approximated eigenfunction of the Hamiltonian described in equation (7). The groundstate wavefunction of the impurity is given by
where ψ(z) is the wavefunction of the donor electron which is exactly obtained from the Schrödinger equation in the z-direction without the impurity. The wavefunction in the (x-y) plane is chosen to be the wavefunction of the ground state of a two-dimensional hydrogen-like atom [26, 27] 
in which λ is a variational parameter and ρ is the distance between the electron and impurity in the (x-y) plane. The ground-state impurity energy is evaluated by minimizing the expectation value of the Hamiltonian, ψ(r)|H |ψ(r) with respect to λ. The ground-state donor binding energy is given by [28, 29] where E z is the ground-state energy of the electron obtained from the Schrödinger equation in the z-direction without the impurity.
Results and discussion
For numerical calculations, we take, m * = 0.0665 m 0 (where m 0 is the free electron mass), ε = 12.58 and the aluminium concentration x = 0.39. The position of the donor impurity is given as (x i , 0, 0). The barrier height V 0 is obtained from the 60% (40%) rule of the bandgap discontinuity E g for donor (acceptor) states for aluminium concentration x 0.45, such that the bandgap is direct at the point and E g is given by [30] as E g = 1247x (meV). Figure 2 shows the calculated impurity binding energies of a GaAs/G 1−x Al x As GQW material versus the laser-field amplitude α 0 . These are plotted for different values of the applied electric field, for a well width of L = 200Å. It is clear from figure 2 that, for a given value of F, the binding energy of an impurity first increases with α 0 , reaches a maximum value and then decreases for very large values of α 0 . The initial increase can be explained as the increase of the geometric confinement of the donor electron around the impurity ion. Therefore the probability of the finding the electron and impurity ion in the same plane increases, leading to the enhancement of the binding energy. After a critical value of α 0 the donor electron becomes more energetic and hence can penetrate into the potential barriers easily, where the wavefunction of the electron reflects its three-dimensional character. This penetration modifies the subband dispersion relations and weakens the Coulomb interaction. Therefore the overlap function becomes smaller and the binding energy begins to decrease rapidly as observed. Figure 2 also shows that the binding energies of the GQW and square quantum well (SQW) become the same for large enough α 0 values (α 0 40Å). This behaviour is due to the fact that the three-dimensional character of the donor electron is predominant and the effect of the shape of the confinement potential on the Columbic interaction is no longer important. Furthermore, the laser 'dressed' impurity Coulomb potential decreases with α 0 and, as a consequence, the impurity binding energy begins to decrease. The binding energy decreases with external electric field F, because the probability of finding the donor electron around the impurity ion decreases with the applied field. It should also be pointed out that, for large enough α 0 values, the binding energy is independent of F. This behaviour is probably due to the fact that, in the large α 0 limit, the geometric confinement induced by the laser field is dominant and the effect of the perturbative term eF z in equation (7) is negligible. Whereas the electron wavefunction in a SQW have a symmetric character, in the GQW the electron wavefunction is asymmetric for F = 0. Also, as seen in figure 2 due to the asymmetric character of the electron wavefunction in the GQW, α 0 dependence of the impurity binding energy is large compared to the results of the SQW. It should be pointed out that, in the absence of the external field, the donor electron is mostly confined on the left-hand side of the GQW whereas in the SQW it moves freely in the whole well. Consequently, the binding energy in this structure is smaller than that of the SQW. Qualitatively, our results agree well with the results of Fanyao et al [13] . Figure 3 shows the variation of the impurity binding energy in the GQW as a function of the laser-field amplitude α 0 for several values of the external electric field applied in a −z-direction (+F), and +z-direction (−F). We see that the variation of the binding energy under the negative electric field is quite different from the positive field values. The negative electric field affects the binding energy more than the field in the opposite direction. The GQW becomes sharper or flatter depending on whether the electric field is applied in a +z or −z direction. The electron moves towards the right side of the structure under the −F field. Thus the electron and impurity ion become close to each other and this behaviour gives an increment in the binding energy. At a critical field L = 200Å, this critical field is 73 kV cm −1 , the graded structure is completely levelled off. Beyond this field, the binding energy decreases with increasing −F field. This occurs because, after a critical field value, the probability of the electron being around the impurity ion decreases with increasing −F field. Also, in contrast to the behaviour for +F field values, we found that as the −F field value increases the position of the maximum moves toward the smaller value of α 0 . As a result, the probability of the tunnelling of the donor electron can be increased or decreased depending on the direction of the external electric field. This control over tunnelling could be desirable for some device applications.
In figure 4 we plot the binding energy of the impurity as a function of the laser-field amplitude, for L = 125Å, and for different ±F field values. As seen in this figure, for a given value of F the laser-field dependence of the binding energy is weak up to α 0 20Å. Beyond this field, i.e. α 0 > 20Å, the binding energy rapidly decreases with increasing α 0 . When we compare this figure with figure 3 it is clear that the binding energy of the impurity for the narrow well is more sensitive to the laser-field amplitude α 0 . This is due to the fact that, as the well width is decreased, the electron wavefunction is compressed. Thus, the leakage of the electron wavefunction into the barrier region becomes more important and, especially in the intense field range, the probability of finding the donor electron around the impurity ion rapidly decreases as α 0 increases. This is in agreement with results obtained for the one-dimensional case [11, 12] . We also note that, for L = 200Å, the binding energy is more sensitive to the external electric field than that for L = 125Å. In conclusion, the effects of the two external fields are complementary, i.e. as the effect of the laser-dressed confinement increases with increasing α 0 the effect of the external electric field on the impurity binding energy is weakened. Also, we conclude that, in the narrow GQW, the laser-field confinement predominates. For example, for the well width L = 200Å the binding energy is independent of the static electric field F at α 0 40Å, while for L = 125Å this is observed at α 0 25Å. The polarizability of the shallow donor is presented in figure 5 for the GQW. From this figure we see that the polarizability decreases as the laser-field amplitude α 0 increases. For small α 0 values the polarizability is sensitive to the direction and strength of the electric field. However, in the case of a strong 'dressed' confinement (α 0 = 50Å), the electronic orbital is highly localized and the probability distribution becomes much less sensitive to the electric field. Therefore, the curves corresponding to ±F values coincide and the reduction in the polarizability is almost linear over the whole field range. In the case where the polarizability is more sensitive to the electric field, the polarizability increases (decreases) with −F (+F) field values. This behaviour is consistent with the results of the impurity binding energy obtained from figure 3 .
In figure 6 we present the results of the polarizability in the GQW under +F (inset), and −F fields for different values of laser-field amplitude α 0 . As seen from the inset for +F field values the laser-field dependence of the polarizability is very weak and the polarizability decreases monotonically with +F field values but for −F field values the polarizability increases with the field, until it reaches a maximum at a certain value of the field (F ∼ = 40 kV cm ) and then begins to decrease for further field values. The general shape of these curves can be explained using a similar argument as given above for explaining the variation of the donor binding energy under the external electric field. We also find that for −F 20 kV cm −1 , where the polarizability becomes more sensitive to −F, the laser-field dependence of the polarizability becomes dominant. 
Conclusions
In summary, in this paper we have studied the effect of the highfrequency laser field on the binding energy and polarizability of a hydrogenic donor placed in a GQW heterostructure in the presence of an external electric field. The calculations were performed within the effective mass approximation and by using a variational method. We conclude that for the GQW the laser-field amplitude provides an important effect on the electronic and optical properties. It changes in the binding energy and polarizability, which are strongly dependent on the direction of the applied electric field. Our results suggest that the electronic and optical properties of GQW structures can be tuned by changing not only the magnitude but also the polarity of the applied voltage. By considering the additional presence of an intense laser field, the above predictions can be observed, for instance, in photoluminescence experiments [31] [32] [33] , and in the optical spectra of donors in QW materials [34] . By increasing the laser intensity, the effective well width (dressed width) decreases, which in turn increases the spacing of the energy levels in the QW so that this mechanism can be used as a way to control the carrier density in these QW materials. Also, our results obtained for the SQW qualitatively agree with other theoretical calculations [13] . As a general feature, despite the fact that the individual external fields themselves act in a way to lower the impurity binding energy, we might accomplish a reduction of the weakening effects on the binding energy of the impurity in a GQW if we consider the quantum well material as acted upon by the joint action of the two external fields. This feature may have important consequences for optical studies on low-dimensional semiconductor materials. The method used in this work is capable of describing the correct behaviour of shallow donor impurities in QWs with different shapes in an intense laser field and an external field applied parallel to the growth axis of the structure.
